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Abstract. It was shown that for Q = and L a multiple of N, the ground state sector 
eigenspace of the superintegrable T2{t q ) model is highly degenerate, and is generated 
by a quantum loop algebra L{sl2). Furthermore, this loop algebra can be decomposed 
into r = (N—1)L/N simple algebras. For Q ^ 0, we shall show that this eigenspace 
of T2(t q ) is still highly degenerate, but split into two spaces, each containing 2 r_1 
eigenvectors. The generators for the sb sublgebra and also for the quantum loop 
sublgebra, which are generalizations of those in the Q = case are given here. However, 
, the Serre relations for the generators of the loop subalgebra are only proven for some 

| states, tested on small systems and conjectured otherwise. 

m ' 
q 

q . 1. Introduction 

ON 

o 

Baxter [H [2l [3j H] has obtained the 2 mQ eigenvalues of the transfer matrix of the iV-state 
superintegrable chiral Potts model, where tuq = [L(N — 1)/N — Q/N\, in terms of the 
$h ' roots of the Drinfeld polynomial 

N-l , _ N , L rn Q m Q 

P Q (z) = N-H-o £ "~ Q "f^L = £ A ™ zm = A ™« II<* - (i) 

a=0 ^ ' m=0 j=l 

For < Q < N — 1, ojQ denotes the eigenvalue of the spin shift operator X . 

For Q = and L a multiple of N, it has been shown [51 [6] that the ground 
state sector eigenspace of T 2 (t 9 ) is highly degenerate, and supports a quantum loop 
algebra L(s[ 2 ). Furthermore, this loop algebra can be decomposed into r = m simple 
st2 algebras. These results enabled us to express the transfer matrix in terms of the 
generators of r s[ 2 algebras |7j, so that the corresponding 2 r eigenvectors of the transfer 
matrix were found, where r = m = L(N — 1)/N. 

For Q ^ cases, some investigation for the six-vertex model at root of unity was 
done in [9], except that not much was known. However, as the eigenvalues of transfer 
matrix have exactly the same property for Q = as well as for Q ^ 0, this gave us 
confidence that it must work out for Q ^ 0. Here we report the progress that has been 
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made. We generalize many of the results that we obtained in [HI E] for Q = to Q ^ 
cases by first checking these results on a computer for small N and L and then proving 
them analytically. Before proceeding, we will show the differences in our notations with 
those of Baxter for the T 2 (t q ) model [10], and the differences with the work of Nishino 
and Deguchi [5]. 

1.1. Preliminaries 




Figure 1. The star weight and the four nonvanishing square weights for T2(t q ) 



We consider as in [UJ a star consisting of four chiral Potts weights, shown in Fig. 1, 



N 



U p/pq/q (a, b, c,d) = ^2 w pg( a ~ e)W pq >(e - d)W p > q {b - e)W pW (e - c). (2) 



e=l 



For the case {x q >, y q >, fi q >} = {y q ,u 2 x q , /i" 1 }, it was shown in [TT] that 

Up' pq ' q (a, b, c, d) = for < a < 1 and 2 < (3 < N — 1; a = a — d, [3 = b — c. (3) 

The product of two transfer matrices becomes a direct sum of T2(t q ) and T^^itq), 
where the four nonvanishing configurations of T 2 (t q ) are shown in Fig. 1. We have 
Up' pq ' q (a, 6, c, d) — > C p ' pq U^ q (a, 6, c, d), with C p i pq some constant given in [TT] . and 



a 
V V V P > 



y P ' 



d-b 



oot n 



VpVv' 



—UJXpi 



(4) 



which is related to equation (14) of Baxter [10] by 

W T (t q \a, 6, c, d) = (-ut q y- d - b+c U^a, 6, c, d). (5) 

The factor in front cancels out upon multiplying adjacent squares together, leaving r 2 (t q ) 
the same. Replacing p, p' by r,r' in (TJJ, and letting {x r >, y r >, /i r /} = {y r ,u 2 x r , fi' 1 } we 
find that the square is nonzero for < d — c, a — b < 1, and the nonzero elements in (j3J) 
become proportional to weights of a six-vertex model, namely 

: )^U^ q (a, b, c, d) - ( 0j 6j C) d) = 



fjr 



Ult r 



-If 



UJ 



d-c-1 



_q 



which is related to equation (6) of Baxter in [10] by 

W 6v (t r /t q \a,b,c,d) = (ut r /t q ) 
in which the vertices are cyclicly permuted. 



W 6v (t r /t q \a,b,c,d) = (ut r /t q )(t q /t r f- a - c+d U% 2 \b,c,d,a), 



(6) 
(7) 
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Consequently, the Yang-Baxter equation of the chiral Potts model becomes the 
Yang-Baxter equation for these squares 

N 

E U ?l^ 9, e, f)U$ q (b, c, g, a)U% 2 \c, d, e, g) 



d=i 



N 



(8) 



d=l 



which is equation (17) of Baxter [TO]. The product of L such squares, U(t 9 ), has trace 
72 when the cyclic boundary condition (Tl+i = 0i and cr^ +1 = a[ is imposed, i.e. 

L 

r*(t q ) = l[U® g (aj,aj +1 ,o- , J+1 ,a , J ) = trV(t g ). (9) 



j=i 



Following common practice we write 



A(* g ) 

c(g 



B(t 9 ) 
D(t 9 ) 



L 

E 

j=0 



A, B j 
C- D, 



t = t q /cpp>, (10) 



where c pp / is some constant. This satisfies a Yang-Baxter equation like (jSj). Since the 
Urq' 2 ^ are the weights of a six-vertex model, U(i 9 ) is a cyclic representation of quantum 
group Uq{sl2) [12] ■ This structure is intimately related to that on the XXZ model [9|[l3]. 

From the Yang-Baxter equation (JHJ), we find sixteen relations between the four 
elements of U(t) in (fTO]) . of which four of them are listed here 

(1 - u- 1 x/y)A(x)B(y) = (1 - x/y)B(y)A(x) + (1 - ^- 1 )A(y)B(a;), 

(1 - u- 1 x/y)A(y)C(x) = ^(1 - z/y)C(z)A(y) + (1 - aT^A^C^), 

(1 - u- l x/y)C(x)V(y) = (1 - x/^D^C^) + (1 - ^ 1 )C(y)D(x), 

(1 - w-^/^B^D^) = uj- 

where x = t q , and y = t r . 



[l-x/y)B(y)C(x) + {l 

1 - x/y)B(x)B(y) + (1 - ar^B^D^/), 



(11) 
(12) 

(13) 

(14) 



1.2. Superintegrable T2(t q ) 

Now we restrict ourselves to the superintegrable case with {ay, y p >, fi p r} = {y p , x p , l//x p }. 
After dropping the subscripts and the factors (A i P /|/p) ~ /3 , which can be done only for 
the homogeneous case, the nonvanishing squares in (j3J) are 

U (2) (a, b,b,a) = l- u a - b+1 t -»■ 1 - urtZ, 

f/ (2) (a,6,&-l,a) = -cjt(l-cj a - 6+1 ) -> -wt(l-Z)X = -wt(l - u)f, 
U (2 \a,b,b,a-1) = {l-u a - b ) ->X _1 (1-Z) = (l-w)e, 
f/ (2) (a,6,6-l,a-l)=c;(c ( j a ^-t) -> (wZ - wtl), (15) 

where t = t q /t p , or c pp / = t p in ([101 . As these squares are functions of the differences of 
the pairs of adjacent spins, defined in [6] as the edge variables n = a — b, the operators 
acting on the edge variables are 

Z m ,n = <Wi^ n , Z|n) = uj n \n), X m> „ = 5 m , n +i, X|n) = |n+ 1), n = a-b. (16) 
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which can be extended to L edges rij = o~j — o~j + x for j = 1, • • • , L, as 

1 ... j ... L 1 - i - L 

X i = l<g>---®l<g>X®l<g>---®l, Z i = l®---®1(8)Z®1(8)---®1. (17) 

The periodic boundary condition is equivalent to ri\ + ■ ■ • + til = (modiV); thus there 
are only N L ~ X edge variables. As the products of the squares U in ffTU]) are functions 
of the edges variables only, the transfer matrix T2(t q ) being the trace of the N L spin 
variables is block cyclic; each blocks is of the size N L ~ X x iV L_1 , and becomes block- 
diagonal after Fourier transform, with N diagonal blocks 

r 2 (* 9 )|o = A(t q ) + uJ~ Q B(t q ), Q = 0, • • • , JV - 1. (18) 

The leading coefficients in ffTUl) are easily found, see (1.24) and (1.25)0, 

L 

A = D L = 1, A l = B lj L = Y[Z V C L = B = 0, (19) 

3=1 

L 3-1 L j-1 

B L ={i-u)j2n Zmh, Co = (i - u) j^^ 1 n z - e ^ 

j=l m=l j=l m=l 

L L L L 

B 1 = (l-o;)^^f J Z m , C L _ 1 = (l-w)J]e i Z m . (20) 
i=i m=i+l i=i m=j+i 

I. 3. Relationship with generators ofU q (sl2) 

The generators tj and f ■ in the above equations are defined by 

(l-^e^XT^l-Z,), (1 - = (1 - Z^Xj, (21) 
and satisfy the relation 

(l-w)(e i f i -a;f i e i ) = (l-a;^). (22) 

They are not the same as the usual t'j and f^- of the quantum group U q (sl2), but are 
related by 

t> j = -qt j ZJ 1 ' 2 , f^qZjWfj, tu = q\ (23) 

as shown in [14J. These satisfy the relation 

(q-q- 1 )(t' j f' j -f j t' j ) = qZ j -(qZ j )-\ (24) 

as defined by Jimbo [12]. This difference in these operators is due to the fact that the 
six-vertex model in (jHJ) are not symmetric. 

| All equations in [Bj are denoted here by prefacing I to the equation number, those in [7] by prefacing 

II, and those in [8] by adding III. 
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1-4- Commutation relations 

We use ( TTTj) to ( fT4l) to derive commutation relations. Equating the coefficients of x L+l 
in ( flTT) and the coefficients of x° in ( Tl4|) where Bo = 0, we find 

A L B{y) = ujB(y)A L , V B(y) = coB(y)T> . (25) 
In the limit y — > 0, we have B(y) — ► — cjyBi as Bo = 0, so that ( TlTT) becomes 

A(z)Bi - cuBiA(x) = (1 - w -1 )x _1 A B(x) = (1 - u}~ l )x~ 1 'B[x), (26) 
using A = 1. By equating the coefficients of y L in fTTTl) . we find 

A(x)B L - B L A(x) = (1 - u- x )A£B{x) = (lu - l)B(x)A L , (27) 

where ( 1251) has been used. Similarly, equating the coefficients of y L in ( TT2l) and of y~ x 
in (fl3|) . and also the coefficients of x° and x L in ( Fl2|) . we find 

A L C(x) = uj- 1 C(x)A l , D C(x) = oT^aODo, 
A(y)C - w-^qACj/) = (1 - u-^Ciy), 

A(y)C L ^ - C L ^A(y) = {u - l)yC{y)A L , (28) 

using Cl = and A = 1. In the same way, ( TT3l) and ( TT4"1) yield the relations 

D(y)C - C D(y) = -(1 - W - 1 )C(y)D , 
B(y)C L -i - u- l C L ^(x) = -(lu- l)yC(y), 
D(x)Bi - BiD(x) = -(1 - u}~ 1 )x~ 1 B(x)'Do, 

T>(x)B L -wB I X>(x)=-(u-i)B(x). (29) 
It is straightforward to prove by induction the following relations, 

A(x)C™ = cj" n C™A(x) + (w - lV^MC^^^), (30) 
D(x)C™ = C"D(x) - (w - l)w- n [n]C5 _1 C(a;)Do, (31) 
A(x)B? = cu n B"A(x) + (1 - cj~ 1 )a;- 1 [n]Br 1 B(a;), (32) 
D(z)BJ = B"D(x) - (1 - w-^x-^nJB^B^Do, (33) 
where [n] = 1 + • ■ • + tu™ -1 . Similar relations for B^, and C^-i are 

A(x)C2_! = C2_ 1 A(s) + (u- l)uj 1 ~ n x[n]C n L Z 1 1 C{x)A L , (34) 

D(x)C2_! = cj-"C2_ 1 D(a;) - (w - l)cj 1 - n x[n]C2:iC(x), (35) 

A(x)B£ = B^A(x) + (u - l)[n}B n L - 1 B(x)A L , (36) 

D(x)B2 = u n B n L B{x) -(u- l)[n]B2 _1 B(x). (37) 

2. Eigenvectors of T2(t q )\Q 

We shall find the eigenvectors Vq of r 2 (t g )|g such that 

r 2 (t g )| Q ^= [(l-^) L + ^- Q (l-t) L ]z/ Q , or (38) 
72(* ff )|g = [u- Q (l - ujt) L + (1 - t) L ]z/ Q , (39) 
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where t = t q /t p . Defining similarly as in 

B n 1 — n n 

B ^ = HmV withM = T -^, [n]! = [n]...[2][l], (40) 

M<i [ J ' q 
and using ( 1301) and ( 1321) . we can show 

A(x)C { ; N+Q) B^ N+Q) 

= lu-Q[C { ; n+q) A(x) + (w - l)C^ +Q - 1) C(x)]Bl mAr+Q) 

= ^- Q C^ +Q) [a; Q BS mJV+Q) A(x) + (1 - u-^x-'B^^Bix)} 

+uj- q {u - l)C^ N+Q - 1] C(x)B ( r N+Q \ (41) 
while fl2ID and ([33} yield 
D(x)Ci nJV+Q) Bi mAr+Q) 

= C^ +Q) [Bi mAr+Q) D(a;) - (1 - ^x^B^^'M^Vo 

-(u - l)C^ N+Q - 1] C(x)B^ nN+Q) T> . (42) 

Consequently, we find that 

[A(x) + co- Q B(x), C ^ N+Q) B { r N+Q) ] 

= u- Q {u - l)[(a;x)- 1 cS n;v+<?) Bf nAr+0 - 1) B(x) 

+C (nAT+Q-l) c( ^ B (miV + Q) ][:l _ D ^ (43) 

As seen from (1191) . we have Do = u L Y[j = i'^'j, so that for L a multiple of N, and for 
with rii + ■ ■ ■ + n L = (mod N), we have (1 — D Q )\{rij}) = 0. Hence, 

[A{x) + cu- Q D(x), C ( nAf+Q) BS miV+C3) ] |{ ni }) = 0. (44) 

Similarly, we may prove 

[A(x) + cu Q T>(x),B^ N+Q) C^ N+Q) ] \{ nj }) = 0, 

[A(x)+ W -«D(x),Bf + «Ct? C) ] IK-}) = 0, 

[A(sc) + u Q T){x),C { ^+ Q) B { ™ N+Q) ] \{ nj }) = 0. (45) 

Particularly, the ferromagnetic ground state \Q) = |{0}) and the antiferromagnetic 
ground state \Q) = \{N — 1}) are easily seen, from either (115j) or (1.29), to satisfy 

r 2 (g| Q |n> = [(i - ut) L + - t) L \ |n), (46) 
r 2 (t g ) \ Q |n) = - cot) L + (i - t) L ] |n). (47) 

Due to (gU) and (@5D, we find that 

n c^^B^^in), n c^f+N-Q^N+N-Q)^ (48) 

are eigenvectors in the same degenerate eigenspace as |n), while 

Y[ B ^N + N-Q) c {n s N+N-Q)^ B^^Cfcf +Q) |n) (49) 

3=1 3=1 
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are eigenvectors in the same degenerate eigenspace as |f2). For Q ^ 0, we conclude from 
calculations for N, L small, that these two eigenspaces have dimension 2 r_1 {uiq = r — 1). 
Thus by letting < m\ < m < ■ ■ ■ < raj < rij < r — 1, where < J < r — 1 and 
X]j=i( n i — m j) = J i similar to the results given in [15], we can obtain a basis of 2 r_1 
eigenvectors in each of the two eigenspaces corresponding to the two eigenvalues. For 
Q — 0, it is easily seen from (j4"Sj) and (|4"T|) that the two eigenvalues become equal and 
the two eigenspaces merge into one. 

From (1.47) in [6], we find that the eigenvectors of the degenerate eigenspaces can 
also be obtained differently. It is far from obvious how to find the generators of the loop 
algebra. We now use the information obtained in the Q = case to find maybe the best 
choices in the Q ^ cases. 



3. Quantum Loop Subalgebra 

We now shall present the generators of the SI2 algebras and generators of the loop 
algebra. 



3.1. Drinfeld polynomials 
From ([20]), we find that 



er=cr> ( i -.)-•»= £ ik - w , c 

{Q< nj <N-l} j = l I 3' £=j + l 



ni H \-n t —m 



3( m) = B ( m)(1 _ w) _ m= ^ ^ = £m. (50) 

{0<rij<iV-l} J = l L £=1 
niH \- n L~ m 

Using (j2Tj) or (11.52), we find 

C (-iv + Q)g( m v + Q )|fi) = u - Q = ur«A£|n). (51) 

{0<nj<iV-l} 
■"■iH \~ n L~ m N-\-Q 

Here the are the coefficients of the Drinfeld polynomial Pq{z) in ([1]). However, (T20T) 
also yields 

ea= E n z f|J. 8?°= E nJW. m 

{0<nj<N-l} j = l L {0<nj<N-l} j = l I- ^J" 
-j |~n^— m "H-lH |-7i£ = m 

so that 

C (mN + N-Q)^rnN+N-Q)^ = £ ^ = A iV-Q|Q). (53) 

{0<rij<JV-l} 
njH Yn L =mN+N-Q 

Now the A^ _< ^ are the coefficients of the polynomial Pn_q(z), whose roots are the 
inverses of the roots of Pq{z). We have the situation that the two sets of eigenvectors 
in (1481) have the same eigenvalues, but correspond to different Drinfeld polynomials. On 
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the other hand, the coefficients of the Drinfeld polynomial are symmetric A m = A r _ m 
for Q = 0, so that roots of the polynomial then appear in pairs Zj and 1/zj. Since the 
algebra and the roots of the Drinfeld Polynomials are intimately related [6j [7J [17] , the 
corresponding algebras for Q ^ cases are different from the algebra for the Q = 
case. We shall explore this in more detail. 

3.2. Generators E^q on the ground state 

In ([T]), we have let z TOj q denote the roots of the Drinfeld polynomial Pq(z), and we again 
define the polynomial, [see (11.11) or (III. 53) [8| fT6j] 

m,Q-\ 

(*) = II = E €^ f?M = ^ > (54) 

^'^ n=0 



where (3® n are the elements of the inverse of the Vandermonde matrix, such that 

m.Q—1 niQ 

E $Aq = 6j,k, E = Km, for < n < m Q - 1. (55) 

n=0 fe=l 

Thus we generalize the previous results to include the cases for Q ^ 0. We may also 
generalize (11.53) and (11.54) to 



<^|E-, Q = -^(tf,o/A?) J2z^ Q (n\Cr +Q) Br~ N+Q \ (56) 

£=1 

E^I^)=- Q (^VA?)E4 Q Cr- 7V+Q) Br +Q) l^). (57) 



£=1 

1± 



If the E to q are generators of algebras, then it is necessary that 

(0|E^ Q E+ iQ |0) = -^, m (fi|H?|fi> = **, m . (58) 
To show this, we use fl50l) and (11.55) to obtain 

(fi icr +Ar+Q) Br +Q) =-- Q e (h}i^^% + g(w), (59) 



{CKn^AT-l} 
njH hn£=iV 



Cr +0) Br +JV+Q) l^> =-- Q E --^^^ + g(K})IK}),(60) 



{0<nj<JV-l} 
»lH hn L = iV 



where lf m ({nj}) and if TO ({n.,}) are defined in (III. 4) and (III. 5). These equations are 
similar to (11.59). Substituting the above equations into ( |56l) and ( 1571) . then using (11.63) 
and (11.64) (or (111.13)), we find 

(fl|E- g = -(^, / A o Q ) E (M\^ jn "G Q ({nj}, z m>Q ), (61) 



{0<rij<N-l} 
n-i-i hn L =iV 



{0<n,<Jf-l} 
»]H hn L =JV 
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We now use the theorem in [5] to prove (1581) . From (1541) . we find 

^ = n r = ^- = -A3^-n;-h-. < 63 > 

ljt m Z m,Q Z l,Q A rn Q Z mQ t+m Z m.Q Z l,Q 

so that the constant in (III. 16) becomes 

B m ,Q = (^m Q ) 2 Z m,Q \\( Z m,Q ~ Z l ) Q) 2 = (^0 lftm$f' Z m,Q-> (64) 

Consequently, we may combine flBTl) and (1621) . and then use (III. 15) to get 

(n|E^E+ |n> = - Zk 'f"£ m '° S v^gd^l- W = (65) 

V*"0 / {0<n,<W-l} 
ni H h".L=JV 

This is the first evidence that the above generalization of (11.53) and (11.54) to Q / 
cases is correct. 

3.3. Generators x^q on the ground state 

In paper [7], we have studied the Q = case, for which the generators x^j of the loop 
algebra are known. From these operators, we obtained the E^^, the generators of s^'s. 
In this paper, we will go in the reverse order, by using (1561) and (l5"Tj) to determine the 
best form of x^q. As in (11.50) we let 

m Q 

S% = E Plfl z m% S n =0, for 1 - m Q < n < 0, (66) 

m=l 

where ( 155]) is used to show S® = for 1 — mq < n < 0. Now similar to (11.12), we let 

mq mq mQ 

= E ^q< q w = - Q E Cg09fi,o/A?) e < Q cr- N+Q) *r +Q) w 

m=l m=l £=1 

n 

= (^/A Q ) E ^Cr^ +9) Br +Q) |fi), (67) 

£=1 

where ( 1571) and (1661) are used. Similarly we find from ( 1561) 

<«l<g = - E <Q<^,q = (- Q /Ao Q ) E SU^\C { o m+N+Q) Br +Q) - (68) 

m=l £=0 

These are generalizations of (11.45) and (11.46). 

Furthermore, the relation (11.44) can be generalized to 

m 

E A ™-« 5 « = A o Q( W with s ° = L ( 69 ) 

n=0 

To show this, we can see that for m = we have Sq = 1, while for m > 1 we write 

m m m Q m Q m Q m Q 

n=0 n=0 n=0 £=1 £=1 n=0 



Quantum Loop Subalgebra 10 

where the summation over n has been extended to < n < rriq as S®_ n = for 
m < n < itlq. Next, we have substituted fl66|) into the sum and interchanged the order 
of summation to find it is identically zero for m ^ 0, as z^q are the roots of the Drinfeld 
polynomial. Thus (169]) holds. 

Using (1671) and (1651) we generalize (1.42) to 

m m m 

n=l 1=1 n=t 

m 

^E^C^"^^^ (71) 

1=1 

For m > vtiq = [(L(N — 1) + Q)/N\, the right hand side is identically zero, so that 
there are tuq independent vectors x~g|fi). Similarly, from (168]) and (169]) we may derive 

E A2-„M<Q = ^(fi|Cr +Ar+Q) Br +Q) - (72) 

rc=0 

S.^. Generators h m g on t/ie ground state 
We define 

d m> Q = (fi|h miQ |fi) = (^|x+_ liQ x~ Q |0), for 1 < n < oo. (73) 
Substituting ( IBTj) and ( 1681) into the above equation and using ( 159]) and (|60l) . we find 

TO— 1 

<W? = (A?)" 2 E ^i-i-i E 44fl(^})^(K})- ( 74 ) 

£=0 {0<nj<W-l} 
n l H (-n^ =-A'' 

First we use Lemma 2(i) [8] or (III. 33), followed by (166]) also extending the interval of 
summation to 1 < £ < itiq, and lastly we use the identies (III. 52) and ( |63l) . to obtain 



^,q = (A?)- 1 E^ M ? ( 75 ) 
i=i 

rriQ mg tuq 

= (a?)" E E = - E z « ■ 



This then generalizes (II. A. 3). Using ( 1731) and ( 1721) and (III. 33) of Lemma 2, we find 

m m—1 

E A ™_rA,Q = E A ^-l-„(^|x+QX- Q |fi) 
n=l n=0 

Ao 

= (A^)- 1 E R mN-N +Q {{n 3 })K Q {{n }) 

{0<rij<N-l} 
n\-\ \-ni i =N 

= mAg, (77) 
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which is relation in (II.A.l). Next, we shall show 

d OT)Q = (Q.\h m>Q \Q) = (^|x+_ fcjQ Xfe )Q |^), forl<fe<m, (78) 

which is the necessary condition that the loop algebra or subalgebra exists. Again we 
substitute (JSTj) and fl68l) into the right hand side of the above equation, then use fl59l) 
and ( 1601) . and finally use (III. 34) of Lamma 2 in [8], to find 

m—k k— 1 

(^l X m-fc,Q X fe,Ql^) = ( A ) 2 E ^m-k-l E ^k-l-n 

e=o n=0 

x J> - £ + 1 + 2j)A?_,A^ 1+J . (79) 

3=0 

Interchanging the order of summation over £ with the one over j and then letting 
£' = £ — j, we find that the summation over £' can be carried out by using (1691) and (!75|) . 
We obtain 

m—k k—1 

(^K-^qR = (a V EE^-i-C, 

j=0 n=0 
m—k—j 

£'=0 
m—k k—l 

= ( A ?r x [ E E 5 '-l-nA^l + > + 1 + j)<W+, 

j=0 n=0 
m— fe— 1 fe— 1 

~ E E ^A-i-n^+l+^-fc-j.Q ' ( 80 ) 

We then let n — > k — 1 — n and j —>■ m — fe — j , resulting in 

fe— 1 m—k k—l 

<n|^Uo*Mj|n> = ( A ?) _1 [E ^ A --«( m - n ) - E E sSi&s^ 

n=0 j'=l n=0 

m 

= (Ao )- 1 [A«d m , Q - E S » A «( m " ") 

n=fc 

m— fe m— j 

~ E d 0\Q{^rn,j - E A !- 3 -n) = ^m,Q, (81) 
j=l n=k 

where ( I74|) is used for the first sum and ( 1691) for the second sum. Since > 1, we find 
8 n> j = for 1 < j < n — k. Finally, (ITT)) is used to show that (ITS]) holds for 1 < < m, 
but not for fe < 1 when Q ^ 0, as the x^g|fi) in (|67j) are defined only for fe > 1, while 
the (Q\x.^q in (1681) are given for fe > 0. Thus, this shows that only a subalgebra may 
exist, like those discussed in [T3] . 



5. 5. Generators of the quantum loop subalgebra 
Formulae ( 16TI) for n = 1 and ( |68i) for n = suggest that 



x, 



i,q - (^ / A o J^o B i > x o,q - l w / A o ) c o B i > (82) 
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and 

h l,Q = [ X CM2' X l^L X n+2,Q = |[ h l,Q' X n+l,Q]' X n+1,Q = ~ I [ h l,Q ' X n,Q] ' ( 83 ) 

for < n < oo. Because of the complex form of these operators, to prove the Serre 
relations 

[[[^q^qL^qL^q] = 0. [ x Jq> Kq> [ x tt<?' x ^]]] = ( 84 ) 
is highly nontrivial. We can prove by induction the following, 

(x- Q r|fi)=n!(^/A«)Cf B^ N+Q) \n), l<n<m Q , (85) 

K Q ) m K Q ) n \n) = m!n!(o;«/A?)CS miV+Q) B^ +Q) |0), < m < n < m Q . (86) 

The proofs are left to Appendix A. 

These relations can be used to show that the first Serre relation in flHll) holds for 
(x- Q r|fi>. That is 

These details are in Appendix B. We managed to show that it also holds for 
(xqq^x^q)"^), but we have been unable to prove it for (X(j"g) m (x]"g) n |f2) for m > 1. 

For general states |{%}) satisfying the cyclic boundary condition nx + • ■ ■ + til = 
(modAQ, we again tested the Serre relation for small systems on a computer using 
Maple. The simplest nontrivial cases are N = 3, L = Q and rii + • • • + n 6 = 3. Yet 
compared with the case Q = 0, the complexity increases enormously; each case, running 
in Maple 12 on ANU computers in Theoretical Physics takes five days. We have found 
that the Serre relation holds for the cases tested. Even though a formal proof is still 
lacking, we believe that the Serre relation (I84p holds. As a consequence, we believe that 
the following loop subalgebra holds, 

K,Q = x fc, Q L for l<k<n, 

X n+k+l,Q = |[ h n,Q> X fc+l,Q]> X n+fc,Q = ~\ IKQi X Jq] > « > 1, * > 0. (88) 

Since the indices here are nonnegative integers only, this is not the entire loop algebra, 
but a subalgebra as in [T3] . 

3.6. Generators of the algebra 

In (13. 2p . the generators E^q on the ground state were given, but this is not sufficient. 
We can now define them in terms of generators of the loop algebra as in (II. 13), namely 

r— 1 r— 1 

Em.Q — Pm*,n Z m,QX- n+1 Q, E m g = — fl m * >n X^Q . (89) 

n=0 n=0 

The difference in the two equations is due to the fact that x~ Q is defined for n > 1, 
while x^q is defined for n > 0. The commutators are 

r-1 

H m ,Q = [E+q,E~q] = y^/3 m *, n ^m,Qh n+ i,Q- (90) 

n=0 
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Because of equation (1561) . we may rewrite (157)) as 

E+,gl^> = &E4q( x W (M M ( ^)» «g) W - -f 1 - (91) 

Assuming that the Serre relation (1831) holds, we may again prove by induction 

Kg)] = Kq) 0_1) h*,g - «g)Kg)°'~ 2) > 
[«g)> Kg) (j ' } ] = K/^'h^g + K- +2 , Q )(x^ Q ) (j - 2) , 
Kg, (xj ) w ] = -2(x+ Q )(x+ Q )^ 1 ), [h fe ,g, (x- Q )W] = 2(x fc - +liQ )(x- Q )^ 1 ), (92) 

so that Appendix B in [7] can be repeated here to show that 

EJ Q E+ g |0) = {(1 - W%,g) 2 £ < (xJg)^(xi; g )WE;|n> 

€=1 

r 

+ (l - W^,g) E4gKg) ( '" 2) (x!; Q ) (£) |fi)}. (93) 

1=2 

Consequently we again have (E+ g) 2 |fi) = 0. 
If we let 

x o,g - l A o J ) c l-i b l > x -i,g - l A o J C L-1 b l > I 94 ) 

so that for Q = we have x^ g — > Xq and x^ 1 g — ► xt 1; one can see from (135)) that x^ g 
and g are not eigenvectors of T2(£ 9 )|q, but eigenvectors of T 2 {t q )\-Q. However, 

are eigenvectors of r 2 (t ? )|Q, but corresponding to the Drinfeld polynomial Pn-q(z). It 
is also possible to express E^g in terms of these operators. 



4. Transfer Matrix Eigenvectors 

From ( 1351) we see that 2 r_1 eigenvectors obeying ( 136)) can be generated by operating 
the r — 1 operators E+g on the ground state |0), while 2 r_1 eigenvectors satisfying (137)) 
are found by operating the r — 1 operators EJ N _ Q on |fj). The E~ 7V _g differ from the 
E^ Ar _g in that the positions of the Bx and C are interchanged, as can be seen from 
(HE)) and <p||. 

We now show how the transfer matrices can be expressed in terms of these 
generators and how their eigenvectors can be obtained. 



4-1. Ground state sector eigenvalues 
From (6.2) and (6.14) of Baxter [2J, we find 
T Q (x q ,y q )x = Xg a y^g(X q )y, 



(96) 
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where P a = Q and Pj, = for the 2 r_1 eigenvectors satisfying (j38p . while P a = and 
Pb = N — Q for the 2 r_1 eigenvectors obeying (139]) . Thus we have 

r-1 

0.(A,)0.(V) = N1?P Q {1») = NtfA% Q X\[(t q /t p ) N - z jiQ ], (97) 

i=i 

for the former case, and 

r-1 

&(A,)&(V) = ^Nt; N P N ^) = u Q Nt; N AS U[(t q /t p ) N - z^] (98) 

i=i 

for the latter. Here subscripts a and 6 have been inserted to distinguish the two cases. 
Because 

AZ Q -j = A f ~ Q > the roots of P N -q(z) are the inverses of the roots of Pq(z). 
Consequently, as in (II. 8), we may write 

r—1 r—1 

Qa{\) = D Q H(A jQ ± B hQ ), g b (X q ) = D Q H(A j>N „ Q ± B j>N _ Q ), (99) 

3=1 3=1 

where 

A hQ = cosh0 i)Q (l - A- 1 ), BjQ = smh9 j>Q (l + X~ l ), (100) 
D Q = (Nt»A%- Q )h(k'/k 2 )^, D Q = (u^Ntf^ik'/k 2 )^, (101) 
with 9j t Q given by (II. 6) replacing Zj — > Zj t Q, i.e. 

2 cosh 2%, Q = k' + k'~ l - kX^g/k', 9 j>N „ Q = 9j. <Q , z jtQZj * tQ = 1. (102) 

We have also changed A^q compared with [7] by dropping the constant p, but absorbing 
it into the constant Dq. 

4-2. Eigenvectors corresponding to x®G a (A q ) 

We consider first the eigenvectors of the transfer matrix related to (1381) and (|97|) . Similar 
to (11.100), we may write 

r-1 

T Q (x q , y q ) = x Q q D Q l[[X jiQ - HjjqY m + (E+ Q + K jQ )Z lQ [ 

3=1 

r-1 

= x Q q D Q \{S hQ [A hQ - H, ( ,/W^,.o- (103) 

3=1 

so that the 2 r ~ 1 sought eigenvectors of the transfer matrix are given by 

r—1 r—1 

m = U n M n <q\ q )> \y<) = U s q n KqW- ( 104 ) 

j=l meJn 3=1 meJn 

Here J n = {ji, . . . ,j n }, for < n < r — 1, is any subset of {1, 2, . . . , r — 1}, such that 

r-1 

T Q {x q ,y q )\X?) = x Q q D Q H[A jQ ± B M ]\y?). (105) 

3=1 
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To evaluate Hj t Q, and <Sj,q, we use (11.39) to find 

(a\T Q (x q ,y q )\n) = N^ L y; N (x q /y p fP Q (x»/y»). (106) 
We then use (11.37) and (11.63) to obtain 

<fo}|r (z,, % )|n)=i\r^ (107) 

From dSU) and (111.43), we find 

("IE" Q r Q (x q ,y q )\Q) = -(Ap/^N^yfil - z?/v?)Wv,) Q *S>(x;/v?)- (108) 
Consequently, (III. 54), (pQ) and (|63|) can be used to get the ratio 



(0|E- g r g (ar„y g ) |I2> < - < 



(109) 



Again, as in [7j, the ratio depends on z m ^Q only, so that 7Zj,Q and S^q are independent 
of the other roots of Pq(z). Since has an eigenvalue different from the one of 
we cannot evaluate the other ratio as in [7]. However, as 

r-l 

f Q (y q , x q ) = y Q q D Q J] [X hQ - \\ s ,A hQ + (E+, + E7 Q )Z ijQ ] 

r-l 

= ^%n^(^ - Hi.^)^. ( n °) 

with A^q and S^q obtained from A^q and .B^q in ( 11001) replacing Ar 1 by X q , we may 
use (11.95), ([U) and (11.64) to find 

(n\t Q (y q ,x q )\n) = N^ L xf(y q /x p fP Q (y»/x») (111) 

and 

(n\f Q (y q ,x q )\{ nj }) = N'-^^xf (l-y»/x»)G Q {{ nj },v»/x»). (112) 
Next we use ([62]), (111.55) and (111.56) to derive 

(n\f Q (y q ,x q )E+ iQ \V) = -(/^o/A^-^f (1 - </<)(V%) Q ^(</<), (H3) 
so that we can evaluate the second ratio as 

(n\? Q (y q , x q )\Q) _ < - yf ^ _ X hQ + % g 



(n|7o(y fl ,x fl )E+ |n> <-< z hQ 

The jth term in the product of (jllOp yields 

Choosing the determinants of 7Zj,Q and sS^q to be one, we find 

i^Q-nQ-Zl Q ) = {Al Q -Bl Q ). (116) 

By inverting both sides of f 1 1 1 5 [) . and using (11161) . we express (11151) in the diagonal 
representation of H^q as 



X j,Q + Y j,Q ~ Z j,Q_ 
~ Z j,Q X j,Q ~ Y j,c 



K.o- (H7) 
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X hQ ~ Y j,c 



X j,Q + Y j,c 







e J >' 







Kto- (H8) 



It is easy to see that (11091) gives the lower right triangle in the left hand side of (11181) 
except for a constant e^Q, that is 

x i,Q + Y j,Q = e j,Q k (Vp z j,Q -rf) = 9,q[(1 - k ' X P ) z j,Q ~ i 1 ~ k 'K^ 



.N „N\ 



e j,Q k (y P 



X„ 



6 j,Q k '( X q 1 ~ X 



(119) 



while (I114p determines the upper left triangle in (I117P except for a constant e^g, i.e. 



x i.o + Yi. 



)k(x. 



<^q) = ^o[(i-^. 

£j,Q k ( x p -Vq) = £j,Q k '(K ~ K 1 " 



V 



^.w-^.y-n-p -yq) = £3,QK\A q -A p "). (120) 

The matrices in (I118j) are linear in A" 1 , while those in (11171) are linear in X q . Thus 
by equating the constant and linear terms, and letting e^gAp = e^g, we find equations 
identical to those in (11.90), namely 



S; 











M, 



e 0j,Q 

e~^> 



'HQ 



-N, 



121^ 



with the matrix elements of M and N almost identical to (11.91), 



mn 



)k'X p /z jtQ , m 12 = m 21 



-e^g/c'Ap, 



^22 — e j,Q( z j,Q — 1 — k 'Zj,Q^p)i 



n n = ^j,Q( z j,Q X P - K + k ')i n i2 = n 2\ 



n 22 



e jiQ k'. 



(122) 



Evaluating the determinants of both sides of (11211) . we again find e \Q k '{{ z jQ ~ 1)A P = 1. 
Consequently, the matrices Sj t Q and TZj,Q can be evaluated in exactly the same way as 
in [TJ, with the result 

S j,Q = |( s n + s 2 2 )l + |(sn - s 22 )H i)Q + si 2 Et Q + s 21 E7 g , (123) 
Kj,Q = H r n + r 22 )l + J(rn - r 22 )H JiQ + r 12 E+ Q + r 21 E~ Q , (124) 

where 

/m 22 e 8j ' Q + n 22 e~ 6j ' Q \ I /m 12 e^« + n 12 e~ e ^ r 

I . , — , si 2 = -r 2i = - 



s 2 2 = rn 



s 2 i = -ri2 



V 2sinh20 iiQ 



sn = r 22 



Vm 22 e "j'O + n 22 e ^' 
e 2e i'Q - k' 



S22, 



2 sinh 29j t QSi2 2 sinh 26jQS 22 

4-3. Eigenvectors corresponding to Gb(\) 



(125) 



We now consider eigenvectors of the transfer matrix related to (13"9"j) and (1981) . From (j49p , 
we find that the generators of sl 2 algebra can be written, similar to (1561) and fl57|) . as 

m Q 



mu = - o(q+i, (&/a?) e 4 Q (^iBr +Q) cr^ +Q) 



e: 



,in> = - Q(Q+1) (^oM?)E<QBr-" +Q) c (w+Q) 



|n>, 



(126) 
(127) 
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which are generalizations of the second equations in (11.53) and (11.54). Similar to the 
derivation of floTj) and fl62l) . we generalize (11.67) and (11.69) to 

(fi|E+ Q = -(P%,o/^>m,Q £ ({^ - 1 - Ml G Q ({ nj }, z mjQ ), (128) 

{0<n.j <N~1} 
r^H t-n L =N 

E^|n> = (/9g M?) E ^(K}.^)!^- 1 -^-})- ( 129 ) 

{0<nj<iV-l} 
njH hn^^iV 

Again, we use the theorem in [8] to find that 

(ft|E+ Q E- Q |0) = (0|H miQ |Q) = 1. (130) 

Comparing these results with those for E^q in (ISTl) and (1621) . we can see that what 
was done in subsection 13.51 can be repeated here to obtain the generators of a different 
quantum loop subalgebra, with generators E^q as in ( |89j) and H mi g as in ( l90i) . 
Using (|96|) and (I102p . we may write 

r-l 

Tq(x 9 , y q ) = y^- Q b Q ft [X rjQ - H,v Q Y r .o + (E+,_ g + E jX Q )Z rQ 

3=1 

r— 1 

= - " ; .v onj,<My,r (131) 

i=i 

so that the 2 r_1 eigenvectors of the transfer matrix are given by 

r— 1 ) — 1 

i<*?> = n fi ^_Qin>, \y») = n E^_ in>. (132) 

Here J n = {ji, . . . , for < n < r — 1, is any subset of {1, 2, . . . , r — 1}, so that 

r-l 

T (s„y 9 M b > = y^- Q D Q H(A r>Q ±B r ^ Q )\y^). (133) 
We may follow the procedure in subsection 14.21 to get 

Si',Q = Wn + s 2 2 )l + - s' 22 )H hN _ Q + s / 12 Ej JV _ Q + s^ET^, (134) 
^i*,Q = IWi + ^22)1 + Wn - ^ 2 )H i)iV -Q + ri 2 E+ iV _ Q + t^Et^, (135) 

where the s^. and r' ik are again given by ( 11251) . but with the replacements z^q — > zJq, 
and 9j t Q — > #.,*,q. 
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To prove (1851) by induction, it is easily seen from ( 1671) that it holds for n — 1. We now 
assume this is also true for n = m. Similar to (160]) . we use (150]) and (11.52) to obtain 



K )"'|n) = ^c«>Br +0, |fi) . 

^"0 ^0 {0<n 3 <JV-l} 

ti\ H \-ri]^=mN 

Again, we use (15T?|) and (11.52) to rewrite f]8"2"]) as 



E * > : >^KcM»A){»A)- (a.i; 



A?x^|{n,}) = E 



{0< Mj ,»/<iV-l} 
2 r/.=miV+jV 



n 

i+1 L 













. U 3 . 



(A.2) 



and 



a?< q |{%}) = E 



{0< Mj .'/<iV-l} 
2 n'.=mN-N 



n 



(A.3) 
(A.4) 



Here, as in our previous papers, we have defined 

N 3 = E n i> N 'i = E n 'v a i = E to- 

e<j i<j e<j 

After multiplying (lA.ip by xTq and using flA.2|) together with (III. 4) and (III. 18), we 
find 



m! 



{O^Aj.Mj.n^JV-l} 
V n'.=miV+Ar 



£ r 



^IK}> 



(m + 1)! 



{0<r/<AT-l} 
2 r/=m]V+iV 



(m + 1)! ^ Q e (Q)g( miV+7 v+Q)| fi ^ 



(A.5) 



where (III. 19) of Lemma 1 in [8] is used and also ( 15T1) and (III. 4) to carry out the other 
two sums. This then proves (|85|) . To prove (IBS"]) , we first prove it for m = 1. After 
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multiplying (lA.ip (in which m is replaced by n) by Xqq, and then using (1A.3I) . we get 



nl 



(A? 



Q\2 



{0<A 3 -,jy,n£<.lV-l} 
2 n'.=nN-N 



><n 

i+i 



u^\{n'A). 



(A.6) 



Again we use (III. 19) of Lemma 1 in [5], then use (1511) and (III. 4) to obtain 



x^(xr, Q ) n |fi) = E ^~ E ^WK})IK}> 

{0<r/<JV-l} 
Y n'.=nN-N 

(n)\uj Q 



(N+Q)r t {nN+Q) 



-< v o 



'0 



Bp +W |fi). 



(A.7) 



This shows that ( 1861) holds for m = 1. Next assume that (1861) holds for m = £, so that 
«g)'(^) B |n> = Tq E ^^K m+Q ({n 3 })\{ nj }). (A.8) 

{0<n^<JV-l} 

2 Hj=n,N-iN 

To prove that it also holds for m = £ + 1, we multiply (1A.8I) by Xgg and then use (1A.3I) . 
together with (III.4) and (III. 18), to find for £ Aj = £N + Q, and ^fij = N + Q, 

[(A?)V^^!](x 4 ; Q ) m (x^)1fi) 



{0<Aj,Mj,n£<N-l} 



V n'.-nN-tN-N 

E " v({A ; }:{// • 



^|{n;», (A.9) 



{0<Aj,Mj,nJ<JV-l} 
n'.=nN-lN-N 

ML ^ 

where (III. 21) is used. Using (III. 23) and the identity 

L 

E^- = ^ 

i=i 

we may rewrite (IA.9I) , by making the change of variables //• = + fij and Aj = X'j + 
with /ii H h jJ<' L = £N + N + Q and A' x H h X' L = Q, as 



n$ + Mi" 




n'j + + fjij 




'rij + n- 




n'j + rij + fij 


. Mi . 




n i 




. n i . 




. n o + Mi . 



(A.10) 



i ' n J 
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[(A Q ) 2 A^!]Kq)" +1 Kq)1^> 

E w >: '"'av({//;}:{a;}) 



\'., M '.,n'.- 
3 3 3 ' 
Y, n'.=nN-lN-N 



{0<X'.,u'.,n'.<N-l} 

~ 3 3 3~ 



L r 

3+1 



n 'j + Mi 



^IK}> (A.ii) 



1)A? E ^ e ^aw + q(K-})IK}> 



{0<r/<iV-l} 
2 n'.=nN-N-lN 



i)^A^c { Q N+m+Q) B { r N+Q) \n). 



(A.12) 



In ( 1A.11I) . (III. 19) is again be used to arrive at ( 1A.12I) . This proves that ( l86i) holds for 
m = £ + 1, and therefore holds for all m. 



Appendix B. Serre Relation for Special Cases 

Let £ = 1 in ( 1A.8I) . and multiply it by and then use( ]A.2l) . to obtain 



£ -- 

J,- < 
)' 3- 
2 n'.=nN, 



{0<Aj,Mj,n£<W-l} 



£ A -=JV+Q,£> -=C 



i r 



Mi . 



(B.1) 



Using (111.22) and I Q ({Xj}] {/%}) = 1, we find 

InN-Ndto + n 'jh {A,}) = 1 + (n - l)/iv({Aj}; + nj}). (B.2) 

Similar to the derivation of flA. 1 1|) from (|A.9[) . we use (IA.10I) . changing variables 
fi'j = rij + Hj and Xj = Xj + rij , to find 



E W^YM + hVU 

3+1 



{0<Hj,\j<N-l} 



. Mi . 



e wwy* n 



{0<M^,AA<iV-l} 



n i + 4' 



^'=A^ +Q (K}), (B.3) 



where (III. 19) and (III. 4) have been used. Substituting ( IB. 21) into ( IB. II) . and using ( IB. 31) 
and (III. 19), we find 
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x i ) g( x Jg)( x i,Q) n | fi ) - / A Qx 2 X] 

l YV J {0<n'.<JV-l} 



A?^q({<» 



Y,n'=nN 



A? 



+ (n-l)A«A^ +Q ({n;})]|{n;}) 
fn-1] 



a QV x 1,qJ 



(n + 1) 



v x o,q)( x i,c 



|n>, 



(B.4) 



where (I A. 81) is used to get the second equation. Multiplying by x 1 q on both sides of 
this equation, we find 

rA Q (n - 11 i 

Kg) 2 K Q )(x w )1fi> = [^(x w r +i + 7^ TI y x r,g(x ( t Q )(x 1 : Q )" +1 ] |n> 



2n A^ 
n + lljf 



\n+l 



+ 



nfn — 1' 



(n + l)(n + 2) v " ( w yv " 1 > c ^ J 1 ""'' (R5) 

where (IB.4|) is used again for the second term, and the coefficients are sorted. Similarly, 
we can show 
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\n+3 



|n>. (b.6) 



(n + 2)(n + 3)' 

By substituting (1B.4j) . (1B.5[) and (1B.6[) into the second member of the following equation 
and collecting terms we find 
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^) 3 <gKQ) n ]l^) = 0. 
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